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Abstract 

The Casimir energy of a dilute homogeneous nonmagnetic dielec- 
tric ball at zero temperature is derived analytically for the first time 
for an arbitrary physically possible frequency dispersion of dielectric 
permittivity e{ioS). A microscopic model of dielectrics is considered, 
divergences are absent in calculations because an average interatomic 
distance A is a physical cut-off in the theory. This fact has been 
overlooked before, which led to divergences in various macroscopic 
approaches to the Casimir energy of connected dielectrics. 
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1 Introduction 



In a recent paper |l| we proposed a technique for the calculation of Casimir 
energies of connected dilute dielectric bodies based on a microscopic structure 
of dielectrics. An interatomic distance (denoted here by A) is a physical cut- 
off within this approach, the Casimir energy is considered in the second 
order (e(iu) — l) 2 - the lowest order for the energy of interaction of atoms 
constituting the ball. The equivalence of a Casimir energy and a dipole- 
dipole interaction for homogeneous dielectrics of an arbitrary form in the 
order (e(iu) — l) 2 was proved in U on the basis of Lifshitz theory ||||], so 
the energy of a dielectric due to a dipole-dipole pairwise interaction of atoms 
constituting the ball coincides in this order with the Casimir energy (see a 
line of reasoning in section 2 of the present paper). 

Macroscopic and microscopic approaches to the Casimir energy with em- 
phasis on the case of dilute connected dielectrics are discussed in section 2. 
In section 3 we use the technique suggested in |I| to derive for the first time 
the formula for the Casimir energy of a homogeneous dilute dielectric ball in 
the order (e(iu) — l) 2 , valid at zero temperature for an arbitrary physically 
possible frequency dispersion of the ball dielectric permittivity e(iuj). It is 
proved that Casimir surface force on a dilute dielectric ball is attractive for 
any e{iuj). In the hypothetical non-physical limit A — > the Casimir energy 
is divergent for every model of e(iu). This explains the fact that without the 
interatomic distance A every approach to the Casimir energy of connected di- 
electrics was ill-defined. In fact, in condensed matter physics the interatomic 
distance often serves as a physical cut-off, which makes expressions finite and 
well-defined. It is argued in this paper that from this viewpoint the Casimir 
effect is not different from other areas of condensed matter physics, the in- 
teratomic distance A is an important ingredient of the theory of connected 
dielectrics, it makes the theory finite and all calculations are well-defined. 

The Casimir energy of a dilute dielectric ball is still believed to be equal 

to 

^i = T^-(e-l) a . 

which is obviously only a non- dispersive limit of one of the terms in the full 
expression for the energy (||) (see Eq.(^), where the term ([I]) is derived from 
the fourth line of (|5|)). The full energy expression (^) contains additional 
terms: volume and surface contributions to the energy, which are the first 
and second lines of Eq. ([|) respectively, as well as the terms on the third line of 
Eq. ([)]), which don't depend on the ball radius a. Below in the introduction it 
is our aim to explain why the term ([[]) is only the large distance contribution 
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to the Casimir energy of the ball, discuss the subtle points of some approaches 
where the term ([!]) was derived and try to persuade the reader why the correct 
expression for the Casimir energy of a dilute dielectric ball is given by Eq. (^j) . 

Only when the energy is defined as in (HD and (|5|), it is equal to the sum 
of dipole-dipole pairwise interactions between the atoms of the ball. The 
Casimir-Polder potential 

23a 1 (0)a 2 (0) 

Ucas.-Pol. ~ , (2) 

which is a large distance limit of a dipole-dipole potential (|3]), valid only for 
distances r ^> 1/uo, u is a characteristic absorption frequency of atoms, was 
used instead of a dipole-dipole potential (^) in the calculation M, where the 
term ([!]) was first derived. The calculation || correctly extracted the large 
distance contribution to the energy with a dispersion neglected. However, 
the calculation j|] was non-dispersive from the outset and thus couldn't yield 
the contribution to the energy from short distances (r < 1/ujq) between 
atoms of the ball. Moreover, the use of a dimensional regularization in |4[] 
concealed the divergences which would appear in the energy expression from 
the integration over short distances between atoms in the 3-dimensional ball 
since the minimum distance between atoms of the ball was not introduced in 

It is often said that the result (|l|) is the unique finite Casimir energy. 
In our opininon, this statement demonstrates the failure to appreciate the 
physically reasonable definition of the Casimir energy. This should be clear 
from the line of the following examples. The Casimir energy of two neutral 
atoms coincides with the energy of a dipole-dipole interaction of these atoms. 
When an atom is located outside the dielectric of an arbitrary form, then in 
the dilute approximation the Casimir energy is equal to the sum of dipole- 
dipole interactions between the atom and atoms of the dielectric |]J . For two 
parallel dielectric slabs it is well known that the Casimir energy in a dilute 
approximation is equal to the sum of pairwise dipole-dipole interactions of 
atoms constituting the slabs. For a dilute dielectric ball the sum of pairwise 
dipole-dipole interactions of atoms constituting the ball is given by Eq.(|]), 
not Eq.fljj). 

Needless to say that the term (]1|) itself was really important for develop- 
ment of the theory of the Casimir effect in connected dielectrics since this 
term has been derived via different techniques |4], |5j. These techniques in- 
cluded both field-theoretic Casimir calculations || and the summation of the 
Casimir-Polder potential in d dimensions discussed above. However, from 
the field-theoretic approach applied as in || one can extract correctly only 
the large distance contribution to the Casimir energy of the ball, e.g.Ei. This 
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large distance contribution E\ was found to be the same when summing up 
the Casimir-Polder potential @ between atoms of the ball |4j] and when the 
Casimir energy was derived by field-theoretic calculations H - so the equiv- 
alence of large distance parts of the Casimir energy of a dilute dielectric ball 
derived by microscopic and macroscopic approaches was proved. It is impor- 
tant to stress that up to now field-theoretic methods didn't yield satisfactorily 
short distance contributions to the Casimir energy of connected dielectrics. 
The reason is simple: these methods were developed for disjoint, not con- 
nected dielectrics, and application of these methods to connected dielectrics 
without any changes inevitably leads to different types of divergences in ev- 
ery field-theoretic calculation of the Casimir energy, these divergences are 
reminiscents of the ill-defined short distance structure of the theory. In this 
paper we do not aim to present the field-theoretic macroscopically correct 
derivation of the ball Casimir energy. We rather wish to present for the first 
time the correct microscopic derivation of the Casimir energy of a dielectric 
ball in a dilute approximation - in the order (s(iu>) — l) 2 . 

So the object of study is a dispersive dielectric ball of radius a at zero 
temperature which is dilute, i.e. the permittivity e(iu>) of the ball satisfies 
the condition e(iu) -1 < 1 for all frequencies u. The Casimir energy is 
calculated in the second order (e{iuj) — l) 2 . A dipole-dipole potential yields 
Casimir-Polder and van der Waals potentials in the large and short distance 
limits respectively, we adopt this terminology. We put h — c — 1 and use 
rationalized Gaussian units for the Maxwell field where polarizability a(iuj) 
is defined by e(iu) — 1 = Airp a(iuj), p is a number density of atoms. 

2 Macroscopic and microscopic approaches to 
Casimir energy 

The study of Casimir energy for spherical dielectrics began with the work by 
Boyer M where he derived Casimir energy of perfectly conducting spherical 
shell. Numerically it is equal to ~ 0.09235/2a J7|. The study of a dielectric 
ball and its Casimir energy for an arbitrary permittivity began with the work 
by Milton || and continues up to now. Different mathematical methods 
were used in the Casimir effect calculations 0. We are not planning to give 
a description of these methods here, we rather wish to emphasize the main 
problem in a macroscopic formulation of the theory, discuss the reason for its 
appearance, outline the solution for dilute dielectrics and the area for further 
research. 

For dispersive dielectrics a macroscopic formulation of the Casimir ef- 
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feet was originally proposed by Lifshitz and developed by Dzialoshin- 
skii, Pitaevskii and others 0. In the macroscopic formulation the system 
is usually described by the position and frequency dependent dielectric per- 
mittivity e(u,r). For disjoint dielectrics the theory worked perfectly. The 
well known case of dielectric parallel plates became the classic example ||. 
However, serious problems were found when this theory was applied to con- 
nected dielectrics. Problems were first found in the case of a homogeneous 
nonmagnetic dielectric ball described by a dielectric permittivity e(u) ||. 
In calculations performed according to Lifshitz approach and its modifica- 
tions, cut-off dependent terms were found to survive in all regularization 
schemes (see the Appendix in IJ, for example). Only in the special case of 
the magnetic dielectric ball satisfying the condition e/i — 1, \i is a magnetic 
permeability, Brevik and Kolbenstvedt found that cut-off terms don't appear 
in the theory [[TTJ. The physical reason for appearance of cut-off dependent 
terms remained unclear for a long period. Hoye and Brevik argued in [TT[ 
that the problem has its origin in a continuum description of dielectric media 
and can be resolved only in a proper microscopic model involving minimum 
separation between molecules. 

From the microscopic viewpoint the Casimir energy of a dielectric me- 
dia is usually assumed to arise due to many-body interatomic interactions 
of neutral atoms. In the model considered in the current paper all atoms 
constituting a dielectric ball are separated by distances greater than A. This 
is why if one calculates the total ball energy due to some realistic potential 
between atoms of the ball, one always gets the finite energy. The question 
is which potential between atoms should be used. The following line of rea- 
soning is appropriate for dilute connected dielectrics [|1[]. For the system 
consisting of a homogeneous dielectric with the permittivity e{iiS) and a par- 
ticle (atom) with the polarizability a(iu) located outside this dielectric it 
was rigorously proved in [|J that the Casimir energy of this system (the part 
of it describing interaction of the atom with a dielectric body in the lowest 
order {s{iuj) — 1) a(iu)) coincides with the sum of pairwise interactions via a 
dipole-dipole potential (0) between the atom and the dielectric body. For the 
model of a dielectric ball considered in this paper one can imagine an atom 
inside the ball and draw a sphere of radius A around this atom. Outside this 
sphere a dilute dielectric can be described well by e(iu). Casimir energy of 
interaction between an atom and a dielectric located outside the A-sphere 
is equal in the order (e(iou) — 1) a{iuj) to the sum of dipole-dipole pairwise 
interactions between the atom and points of the ball outside the A-sphere. 
To find the total Casimir energy of atoms constituting the ball in the order 
{e(iuj) — l) 2 , one has to perform this trick for every atom of the ball, sum 
over all atoms and finally multiply this sum by a factor 1/2. This procedure 
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is applied to a dilute dielectric ball in the next section. The interatomic 
distance A is a physical cut-off. 

Recently the microscopic approach based on two-point correlation func- 



tions and form-factors of different bodies was developed by Barton \12\. The 



leading terms for short and long distance contributions to the Casimir en- 
ergy of different bodies were derived by Barton by use of two-point correlation 
functions in the case of a simple-harmonic oscillator model for dielectric per- 
mittivity. The leading terms for arbitrary model of dielectric permittivity in 
the case of a dilute ball can be obtained from our formula (|5|); in the special 
case of a simple-harmonic oscillator model for dielectric permittivity they are 
in agreement with Barton. 

In the next section it is proved that Casimir surface force on a dielectric 
ball in the order (e(iuj) — l) 2 is attractive. For a perfectly conducting spherical 
shell the force is repulsive. Brevik and Kolbenstvedt observed |Tl| that energy 
of a perfectly conducting spherical shell can be derived from the energy of 
a magnetic dielectric ball satisfying e/i = 1 in the limit \i — > 0. One may 
ask a question. If we first put fi = 1 and after that perform the limit 
e —> oo, will we obtain the repulsive force or the attractive contribution will 
be dominating ? It is impossible to answer this question at the moment, 
the theory for arbitrary e(iu) still doesn't exist for connected dielectrics. 
Microscopic structure of materials should be an important element of such a 
theory, though the complete theory may probably be developed only at the 
intersection of macroscopic and microscopic approaches to the ground state 
energy. 



3 Casimir energy of dilute ball 

In this section we first calculate the Casimir energy of neutral atoms consti- 
tuting a ball of radius a due to a dipole-dipole pairwise interaction. Then we 
prove that Casimir surface force is attractive for arbitrary physically possible 
dielectric permittivity e(iuj) of the ball. 

A dipole-dipole interaction of two neutral atoms with atomic polarizabil- 
ities ai(iu) and a>2{iu)) is described by the potential [|l3j 



U(r) = --^ I uj A a x {iu) a 2 (iuj) e- 2 -' 



irr 2 



o 



2 5 6 
1 + — + ~, rrr + ~, ^ + 



lot {oor} 2 (ur) 3 (ojr) 4 



du), 



(3) 



where r is a distance between two atoms. The energy calculation is illustrated 
by Fig.l. Suppose that an atom (a molecule) with an atomic polarizability 
a{iui) is located at the point B. One has to integrate interaction of an atom 
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Fig. 1: Energy calculation for the ball. Shaded areas I and II separated by 
a dashed line on the left picture denote areas of integration in the first and 

second integrals in @ respectively. A shaded area on the right picture 
represents the area of integration in the third integral in A part of the 
sphere of radius r which is located inside the dielectric ball is denoted by a 
dotted line. Its area is equal to 2nr 2 {l — (p 2 + r 2 — a 2 )/{2pr)). 



at the point B via a potential (H) with the atoms separated by distances 
greater than interatomic distances A from the point B, integrate over all 
atom locations B inside the ball and multiply by a factor 1/2 to calculate the 
energy. Assuming homogeneity of the ball (it results in ai(iu) = ct2(iw) = 
a{iui) and the condition that the number density of atoms p doesn't depend 
on the point inside the ball), the Casimir energy is equal to 

„2 / ra-\ ra-p 

E = ^-lj dpAirp 2 J dr4nr 2 U(r) + 

dp Airp 2 / dr 2nr 2 1 )U(r ) + 

Ja-p v 2p 2pr J 

f dpW dr 2vrr 2 (l - ^ - ^-^) U{r)j (4) 



7 



Performing calculations, it is straightforward to obtain 

7r f +oc /a 3 
E = - p 2 — / dua 2 (iu) ( — e" 2wA (128 + 256cjA + 128c; 2 A 2 + 64cj 3 A 3 ) - 
48 J v ' VA 3 v ' 



a 2 



■ (e~ 2wA (144 + 288wA + 120cj 2 A 2 + 48a; 3 A 3 ) - 96cu 2 A 2 E 1 (2cjA)) 
(e- 2 " A (41 + 34cjA + 14cj 2 A 2 + 4cj 3 A 3 ) + 24£!(2u;A)) + 
(e" 4wa (-21 + I2uja) - £i(4u;a)(24 + 96co 2 a 2 )] 



(5) 

where Ei(x) = L °° e~ tx ft dt. 

The formula (|5|) answers one question which has longly been discussed. 
The question was: is it possible to make the Casimir energy of connected 
dielectrics finite (work without divergences) by selecting the proper model 
of a frequency dependent dielectric permittivity e(iu) (with a quickly de- 
creasing behaviour when u — > oo) in a macroscopic approach without other 
assumptions ? The answer is : there is no such a model. Only when a finite 
separation between atoms A is taken into account, the energy is finite and 
physical. When A — > 0, the leading term in (||) (V is a ball volume) is 

2V f + °° 

~P -jp J dua (iu), (6) 

so if we wish to take the hypothetical limit A —> 0, we obtain a divergence 
for every model of a(iu). The leading term (|5]) can also be obtained directly 
from the van der Waals limit of ([3D for every connected dielectric. 

The structure of (f|) clearly shows that 4 types of terms contribute to the 
energy. First and second lines of (§) represent volume and surface contribu- 
tions to the energy respectively. The third line consists of terms which don't 
depend on the radius of the ball. The fourth line consists of terms which 
don't depend on the atomic separation A and depend only on the ball radius 
a. 

According to general properties of dielectric permittivity on an imaginary 
axis, it is possible to write the leading contribution from the fourth line of (|5|) 
as (it comes from frequencies u <C luq, u)q is a characteristic absorption fre- 
quency of materials, u a 3> 1, so it is possible to use the static polarizability 
a(0) in the leading approximation to the fourth line of (|5|) ) 

P + OO 

- P 2 a 2 (0)— / duj (e~ 4uja (-21 + I2ua) - E 1 (iua){2A + 96cu 2 a 2 )) = 
48 Jo 

23 Ti 



^V(O)^ (7) 
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A review and references to different approaches which had been used to derive 
(|7]) are given in the Appendix of JIJ. 

However, the term ([/]) has a small influence on physics because physics 
is mainly governed by (|6|) and next to leading terms in (|5|). The reason is 
quite simple - the term (0) is much less in magnitude than the terms in the 
first, second and third lines of (|5|). For example, ratio of terms in the first 
line of (H) to (^) is ~ (u a)(a/ A) 3 ^> 1. Usually all terms but (0) which 
appeared in different renormalization schemes were simply discarded or con- 
sidered in macroscopic approaches as divergent contributions which add up 
to macroscopic quantities of the ball (e.g. volume, surface energies) during 
the renormalization procedure, as it often happens in field theory. So only 
the term (|7]) was usually considered as the Casimir energy term. The coef- 
ficient d2 in the asymptotic expansion of the heat kernel for a nondispersive 
dielectric ball in the order (e — l) 2 vanishes [13], this explains the fact that no 
logarithmic terms appeared in macroscopic calculational schemes for the ball 
energy, so it was possible to separate the term (0) uniquely from the diver- 
gent part of the energy. Theoreticians got used to believe that the Casimir 
energy should depend only on geometry of the bodies, not on their internal 
structure, the term (|7]) depended only on the ball radius a, so it seemed to 
be a proper Casimir energy term. However, Casimir surface force resulting 
from (0) is repulsive. This consequence seemed unusual but possible. Only 
the equivalence of the Casimir energy and a dipole-dipole interaction for ho- 
mogeneous dielectrics in the order {e(iuS) — l) 2 , proved in [JTj] on the basis 
of Lifshitz theory, makes obvious the fact that Casimir surface force should 
be attractive. The potential (§) of a dipole-dipole interaction is attractive 
for all distances, and one can not obtain repulsive Casimir forces for dilute 
dielectrics in principle because one starts from the attractive potential. Even 
from this argument it is clear that the term (0) is not enough to obtain 
physically meaningful results. Terms depending on the interatomic distance 
A are greater in magnitude than (|7]) and must be taken into account in the 
derivation of Casimir surface force. 

After these remarks it is natural to prove that Casimir surface force on a 
dilute dielectric ball is attractive. It is convenient to define N = a/ X,p = ujX. 
Then the formula (f|) can be rewritten in a general form 

E = -^£°°dpa 2 (i^)f(N,p) (8) 

The function f(N,p) > for N > l,p > 0. The ball expands or collapses 
homogeneously, so 

N = const. (9) 



9 



Conservation of atoms inside the ball imposes the condition 

4na 3 

p — - — = const. (10) 

It is convenient to use Kramers-Kronig relations in the form 

f + °° , xg(x) 
aW = y o <LrJ^-, (11) 

where the condition g{x) > always holds 0. Using (|), (g), (0), flU]), 
Casimir force on a unit surface is equal to 

F = -^ d A = 
4na 2 da 

= °M/W ->*)<<>■ (12) 

F < because all functions inside integrals are positive. Casimir surface 
force is attractive for every model of atomic polarizability consistent with 
general causal requirements. 

It may be worth imagine a model of a dilute dielectric ball which wouldn't 
exist at all without a dipole-dipole interaction. Without a dipole-dipole 
interaction atoms would be free at large separations, they would interact 
only during the collisions due to short range interatomic forces. Energy of 
a dipole-dipole interaction of such a system is just the energy which holds 
atoms of the ball together. When the energy due to a dipole-dipole atomic 
interaction is equal to the repulsive energy due to short range interatomic 
forces, the system is in equilibrium and stable. 



4 Summary 

The Casimir energy of a dilute homogeneous nonmagnetic dielectric ball at 
zero temperature is derived for the first time for an arbitrary physically 
possible frequency dispersion of a dielectric permittivity in the order {e(iu) — 
l) 2 by summing up dipole-dipole interactions between atoms constituting 
the ball. All calculations are performed without divergences because average 
interatomic distance A is a physical cut-off. Casimir surface force is proved 
to be attractive. 
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